Derivations for the higher tensor components of the quadrupole polarizabilities are given and their values for the metastable states of the Ca + , Sr + and Ba + alkaline earth-metal ions are estimated. We also give the scalar quadrupole polarizabilities of the ground and metastable states of these ions to compare our results with the previously available theoretical and experimental results. Reasonably good agreement between our calculations with the previous values of scalar quadrupole polarizabilities demonstrate their correctness. The reported scalar and tensor quadrupole polarizabilities could be very useful to estimate the uncertainties due to the gradient of the electric fields in the clock frequencies of the above alkaline earth-metal ions when accuracies of these frequency measurements attain below 10 −19 precision level.
I. INTRODUCTION
Last two decades have witnessed an enormous advancement in many high-precision measurements using singly charged ions such as parity violation [1] [2] [3] , quantum phase transitions [4] , atomic clocks, quantum transport of systems for a better understanding of fundamental physics etc. [5] [6] [7] [8] . The development has been attributed to the fact that ions can be manipulated favorably by employing optical cooling and trapping schemes. Oscillating electric fields due to lasers applied to cool and trap the atomic systems inevitably yield Stark shifts in the systems. Precise estimates of these energy shifts are prerequisite for the above experiments.
When an atomic system is exposed to an electric field, the charge inside the system redistributes itself. The modified distribution of charge can be expressed in terms of the electric multipole moments. The lowest-order electric moment referred to as the dipole (E1) moment, one more order higher multipole moment in the series known as the quadrupole (E2) moment and so on. Most of the times the second-order energy shifts due to the dipole moment, expressed in terms of the dipole polarizability (α E1 ), are estimated owing to their dominant contributions. For convenience, α E1 of a state is determined by expressing in terms of scalar, vector and tensor components. If the light is not linearly polarized the scalar and vector parts contribute to all the atomic states whereas the tensor component contributes to the states with total angular momentum j > 1/2. Similarly, atomic levels interacting with the gradient of electric field can also give significant energy shifts in the atomic systems under consideration for high-precision experiments. Estimations of these shifts are important for accurate knowledge of total systematic shifts; especially in the atomic clock frequency measurements that are aiming to attain precisions below 10 −19 level. The first-order energy shifts of the states with the total angular momentum j > 1/2 due to the gradient of the electric field can be estimated with the knowledge of electric quadrupole moments of these states. The second-order energy shifts of the atomic states due to the gradient of the electric field can be determined using the quadrupole polarizabilities (α E2 ) of the states. Likewise α E1 , we can also conveniently express α E2 into scalar and high-order tensor components. Contributions from the scalar components are studied for many atomic systems [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , but contributions from the tensor components are often neglected. To our knowledge, expressions for these higher components are not deduced so far, which can give finite contributions to the states with j > 1/2.
For the ultra-high precision measurements, a detailed analysis of contributions from different components of α E2 would be required. Their knowledge is also essential in the evaluation of scattering properties of collisions between a neutral atom and its ions [22] . They also provide information on the processes involving the collision of two neutral or charged species, where polarizability elucidates the behavior of one in response of the other. Other important properties such as total energy shift, long range inter-atomic interactions, ion mobility, van der Waals constant between different systems etc. can be evaluated from the accurate values of the polarizabilities of the atoms and ions [23] . Moreover, finding magic wavelengths for the clock transitions in the neutral atoms and singly charged ions are now in high demand as they correspond to null differential polarizabilities and can offer frequency standards below 10 −19 precision level. Carrying out clock frequency measurements at the magic wavelengths is helpful to reduce uncertainty due to the Stark effects. Recently, these magic wavelengths were measured for the S − D 5/2 clock transition of the Ca + ion [24] . Following this measurement, a number of theoretical works have predicted magic wavelengths of the possible S − D clocks transitions in other singly charged ions [18, 25, 26] . From this point of view, contributions from the α E2 to the Stark shifts in the S − D transitions of these singly charged ions should be investigated thoroughly.
In this work, we give first the derivations for the tensor components of α E2 and determine them for the metastable D 3/2 and D 5/2 states of the alkaline earthmetal Ca + , Sr + and Ba + ions. We also determine the scalar components of α E2 values of these states along with the ground states of the above ions and compare them with the other available theoretical and experimental results to find out reliability of our calculations.
II. TENSOR COMPONENTS OF α

E2
The time-dependent interaction Hamiltonian H int describing the interaction between an atomic system and the gradient of electric field generated by laser is expressed as
where Q is the E2 operator and ∇E(t) is a tensor representing the gradient of time-dependent electric field E(r, t) written as E(r, t) = 1 2 |E(r)|ǫe −ιωt + c.c. withǫ and ω representing the polarization vector and angular frequency respectively. The above interaction Hamiltonian is Harmonic in time and varies periodically as
with
and ω is the frequency of the oscillating electric field. For the periodic oscillating electric field, the time-dependent wave functions of the wave function of n th state can be expressed as |n, r, t = |n, r e ipωt ,
where p = 0, ±1, ±2, · · · to satisfy the periodicity requirement. By adopting Floquet perturbation expansion approach [29] , it can be shown that
Therefore, using the angular momentum notation of the state as |γ n J n M n with angular momentum J n , magnetic projection M n and γ n representing other quantum numbers, the second-order change in energy can be expressed as
where the time-independent effective Hamiltonian H ef f is defined as
, with the projection operators R ± n given by [30] 
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Substituting the respective expressions for V 1 and V 2 , it yields
where {· · · } represents the spherical tensor of rank k with the allowed values for q lying between −k to k. The allowed values of k are limited by the triangular selection rule. From the coupling of two of the rank-2 tensors, the allowed values of k are restricted to 0 ≤ k ≤ 4. This leads to the energy shift formula as
Only k = 0 component is allowed in the above expression due to the selection rule associated with the 3-j symbol
For simplification we assume applied external electric field as linearly polarized and its gradient only in the z-direction. In this case, the allowed values for k are restricted to 0, 2 and 4 and we have [31] 
and
Using these factors, we can divide the total second-order energy shift into
where ∆E
(ω) and ∆E E2(2,4) n (ω) are the terms corresponding to k = 0, 2 and 4, respectively. This follows the expression for k = 0 as
Similarly, for k = 2 is given by
and for k = 4 is given by
The second-order energy can also be given in a compact form as
where α E2 n is known as the quadrupole polarizability of the state. We can conveniently evaluate α E2 n by rewriting it in terms of different tensor components as
where α
(ω) and α E2(4) n (ω) are defined as the scalar, tensor component of rank 2 and tensor component of rank 4 quadrupole dynamic polarizabilities, respectively. Collecting all the factors, the corresponding expressions for different components of quadrupole polarizability can be given by
with the coefficients
It is obvious from the above expressions that only the scalar component will contribute to the states with angular momentum J = 1/2, both scalar and tensor components with k = 2 will contribute to the states with J = 3/2 and all the components will contribute to the states with J > 3/2. The above expressions can be used to determine both the static and dynamic quadrupole polarizabilities of the atomic states in a system, but we present here only the static values of these quantities.
III. EVALUATION OF WAVE FUNCTIONS
We use an all-order perturbative method in the relativistic coupled-cluster (RCC) theory framework with the singles and doubles excitations (SD method) approximation [17, 35] to determine the wave functions of the ground and metastable states of the considered alkaline earth-metal ions as described in our earlier works [18] . In this approach, we obtain first the Dirac-Hartree-Fock (DHF) wave function (|Φ 0 ) for the closed core of the alkali atomic configurations of the corresponding alkaline earth-metal ions. The DHF wave functions of the required states are then obtained by appending the respective valence orbital (v) with |Φ 0 as |Φ v = a † v |Φ 0 . The exact states using these DHF wave functions are expressed in the SD approximation as
where the operators T and S v are responsible for the excitations of the core and valence electrons, respectively, from the DHF wave functions due to the correlation effects. In the second quantization notation, they are given as
where a, b and p, q electrons are from the occupied and unoccupied orbitals, respectively, and ρ are the corresponding excitation amplitudes. To improve the results further, we also include contributions from the important triple excitations perturbatively in the determination of amplitudes of the excitation operators of the SD method (SDpT method) as defined in Refs. [17, 35] . As demonstrated in Refs. [18, 36] , contributions to the square of the matrix element | Ψ v |Q|Ψ m | 2 using the aforementioned procedure can be expressed as
where Q c , Q cv and Q v denote correlation contributions due to the core, core-valence and valence electrons, respectively. Segregating these contributions in Eqs. (15), (16) and (17), we can express
for the components k = 0, 2 and 4. It can be shown that core contributions vanish for j = 2 and 4. The most important contributions to different components of quadrupole polarizability arises through α
since it takes into account the dominant correlation effects. We use the sum-over-states approach to estimate this contribution from many low-lying states by evaluating the electric quadrupole (E2) matrix elements in the SD method as
where the normalization factor for the wave functions of the states with the respective valence orbital v is given by
These values with the experimental excitation energies are used to reduce the uncertainties in the evaluation of α
contributions. Contributions from the higher excited states including continuum to the static values of α E2(k) n (v) are estimated using the expression
where |Ψ
(1) n is the first-order correction to |Ψ n with energy E n due to the quadrupole operator Q. Using the inhomogeneous equation, we obtain its contribution at the DHF approximation of the Dirac-Coulomb atomic Hamiltonian (H at ) as
In the above expression, E
E2(1) n
corresponds to the firstorder change in energy due to the respective component of H ef f . By subtracting the DHF contribution due to the orbitals with principal quantum numbers corresponding to the states included in the sum-over-states approach, we extract out the contributions from the higher level excitations and denote it as "Tail(α E2(k) n,v )". Similarly, we use the DHF wave functions to determine the corevalence correlation contributions as they are found to be negligibly small. The core correlation contributions to the scalar component of the quadrupole polarizability values are obtained using random phase approximation (RPA) in the considered ions. A very large basis is used in all calculations carried out in this work. We use 70 basis set functions for all partial waves with maximum number of orbital quantum number l max ≤ 6.
IV. RESULTS AND DISCUSSION
In Tables I and II, 
Others [32] 4270 27 Others [19] 4182 34 Others [33] 4091.5 Others [21] 4821 Expt. [34] 4420 250 and 3D 5/2 states of Ca + . The D state polarizabilities have contributions from the scalar as well as tensor components to the E2 polarizability. As shown in Table I the valence correlation contributions to the scalar and tensor quadrupole polarizabilities of the 4S and 3D 3/2 states are the dominant ones. The core contribution calculated using the RPA approximation is found to be 6.9 in atomic units (a.u.). The uncertainty in this RPA value is expected to be on the order of 4%. The α E2(k) n,vc contributions are estimated using the DHF method and are listed in the same table. The α E2(k) n,v contributions for the scalar and tensor part are evaluated using a sum-over-states approach. We use E2 matrix elements from the SDpT method and experimental energies from the NIST database [37] for the dominant transitions for these estimations. Contributions from these transitions to the quadrupole polarizabilities are listed explicitly in the above tables along with the respective values of the quadrupole matrix elements and corresponding uncertainties. The remainder Tail(α E2(k) n,v ) contributions are evaluated in the DHF approximation. These contributions are found to be about 2% and 1% for the 4S and 3D 3/2 states, respectively, of their total values. As can be seen, the E2 matrix elements of the 4S 1/2 − 3D 3/2,5/2 and 4S 1/2 − 4D 3/2,5/2 transitions have overwhelmingly dominant contributions to the scalar ground state quadrupole polarizability. Therefore, the uncertainty to the quadrupole polarizability of the ground state appear mainly from the errors to the E2 matrix elements of these transitions. Similarly, contribution from the E2 matrix element of the 3D 3/2 − 3D 5/2 transition is preeminent for the scalar and tensor polarizabilities of the 3D 3/2 state. Thus, it is important to consider error from this matrix element to estimate the uncertainty of the quadrupole polarizability of the 3D 3/2 state. The uncertainties in the matrix elements are determined as the difference between the final matrix elements calculated using the SDpT method and by scaling the calculations to account for the missing correlation effects. Details of this scaling procedure can be found in Ref. [38] . Briefly, the single valence excitation coefficients are multiplied by the ratio of the corresponding experimental and theoretical correlation energies, and the matrix element calculation is repeated with the modified excitation coefficients. We assign maximum 50% errors to the estimated tail contributions as the correlation effects are observed to contribute only about few percent in the evaluation of the E2 matrix elements in Ca + . The net uncertainty to the quadrupole polarizabilities of the above states are given then by adding the individual uncertainties in quadrature. There are no experimental results available for these quantities, but we compare our calculation for the ground state with two other calculations [27, 28] . Our value is 875(10) a.u. against that of 871(4) a.u. reported by Safronova and Safronova [27] . Mitroy and Zang [28] have also obtained its value as 875.1 a.u. based on diagonalization of semi-empirical Hamiltonian in a large dimension single electron basis. bution to the scalar and tensor components of quadrupole polarizabilities of the above state come from the E2 matrix element of the 3D 5/2 − 3D 3/2 transition. In Table III , we summarize the contribution to the static quadrupole polarizabilities of the ground 5S 1/2 and the 4D 3/2 states of the Sr + ion. The core contribution to the scalar quadrupole polarizability for Sr + is obtained from the RPA method as 17.1 a.u. We note that Tail(α E2(k) n,v ) and α E2(k) n,vc contributions are realized to be small, therefore they are estimated in the DHF approximation. The Tail(α E2(k) n,v ) part contributes to 2% and 4% of the total valence polarizability for 5S 1/2 and 4D 3/2 states respectively and the uncertainty is taken to be 50%. The first few dominant valence contributions calculated using the SDpT method along with the uncertainties have been explicitly shown in the table. We found one more calculation by Mitroy and Hang [28] to compare our ground state quadrupole polarizability. Our calculations for the ground state of Sr + is 1379(17) a.u, which differs marginally by 2% compared to the result reported in Ref. [28] . Similar calculations for the 4D 5/2 E2 polarizability for Sr + are presented in Table IV . In this table, we present contributions from the scalar, rank 2 and rank 4 tensor contributions to the E2 polarizability of the above state explicitly.
The scalar quadrupole polarizability contribution to the 6S 1/2 state and both the scalar and the tensor contributions to the E2 polarizabilities of the 5D 3/2 state of Ba + have been illustrated in Table V . The core, core-valence and valence correlation contributions along with the individual dominant valence contributions from various low-lying states calculated using the sum-overstates approach are listed separately in the same table.
There have been several calculations of the ground state 6S 1/2 quadrupole polarizabilities of this ion using different methods. Our ground state scalar quadrupole polarizability value 4251 a.u. is in agreement with the value of 4270 a.u. obtained by Sahoo and Das [32] , which is carried out by including the non-linear terms of the RCC method in the singles and doubles excitations approximation. The analysis of Renovation-Tchaikovsky and Safronova [19] is based on relativistic all-order method like ours and found to be consistent with our result. Also, we find good agreement between our value with the calculations done by Safronova [33] , and Pail and Tang [21] . Unlike the previously discussed ions, there exists an experimental quadrupole polarizability value of 4420(25) a.u. for the ground state of the Ba + ion [34] and we find our result lies within the corresponding uncertainty of this measurement. The scalar quadrupole polarizabilities for the 5D 3/2 and 5D 5/2 states are found to be 820(72)a.u. and −1182(69) a.u., which are in good agreement with the values of 835(32) a.u. and −1201(36) a.u., respectively, from another calculation by Sahoo and Das [32] . From this analysis, we believe that our tensor components to the quadrupole polarizabilities of the 5D 3/2 and 5D 5/2 states are quite reliable for their experimental verifications.
V. CONCLUSION
We have given the scalar and tensor contributions to the electric quadrupole polarizabilities of the ground and metastable states of the singly charged calcium, strontium and barium ions. Our calculations of the scalar polarizabilities are compared with the previously available theoretical and experimental results and they are found to be in good agreement. The derivations and the corresponding results for the tensor contributions to the quadrupole polarizabilities of the metastable states are given for their possible applications to high-precision experiments; especially for more accurate estimates of systematic effects in the clock transitions of the above ions. Contributions from various correlations are given explicitly to these quantities. The dominant valence contributions are estimated by employing a relativistic all-order method and other smaller contributions are determined by lower-order relativistic many-body methods. Comparison of our results of the scalar polarizabilities with the previously available results suggests reliability of our tensor contributions to the quadrupole polarizabilities of the metastable states of the above ions.
